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Abstract
This document derives stable on-line approximation
based control algorithms for application to the longitu-
dinal control (γ, α,Q, V ) for an uninhabited combat air
vehicle (UCAV). The objectives of the control approach
are to stabilize the aircraft dynamics and achieve ac-
curate command tracking in the presence of significant
nonlinear model error. This error could be due to de-
creased modeling effort during the design process or the
result of events that occur during the vehicle flight (i.e.,
battle damage). Lyapunov stability analysis and simu-
lation demonstrations of the achieved performance are
included.

1 Introduction
The past few decades have witnessed the development
of a number of nonlinear control methodologies for ap-
plication to advanced flight vehicles. Offering both in-
creases in performance as well as reduced development
times by dealing with the complete dynamics of the ve-
hicle rather than point designs, nonlinear control tools
provide a great deal of design flexibility. Feedback lin-
earization, in its various forms, is perhaps the most com-
monly employed nonlinear control method in this arena
[1, 5, 11, 13, 14, 19]. In addition to feedback lineariza-
tion, other nonlinear methods have also been investi-
gated for flight control. Reference [2] presents a nonlin-
ear model predictive control approach that relies on a
Taylor series approximation to the system’s differential
equations. Optimal control techniques are applied to
control load-factor in [10]. Prelinearization theory and
singular perturbation theory are applied for the deriva-
tion of inner and outer loop controllers in [13].

The main drawback to the nonlinear control approaches
mentioned above is that, as model-based control meth-
ods, they require accurate knowledge of the plant dy-
namics. This is of significance in flight control since
aerodynamic parameters always contain some degree of
uncertainty. Although, some of these approaches are ro-
bust to small modeling errors, they are not intended to
accommodate significant unanticipated errors that can

occur in the event of failure or battle damage. In such an
event, the aerodynamics can change rapidly and devi-
ate significantly from the model used for control design.
UCAV’s are particularly susceptible to such events since
there is no pilot onboard.

Various direct and indirect adaptive approaches have
been proposed to address circumstances in which sig-
nificant modeling error is present. For example, the in-
direct model predictive method of [25] was successfully
demonstrated in flight on the VISTA F-16. However,
proofs of stability for these indirect linear adaptive con-
trollers have not been presented. Adaptive backstepping
type approaches, in which the aircraft model parameters
are estimated on-line, have also been explored for flight
control [18, 21]. These methods allow a total stability
analysis, but do not provide an easy means of designing
the transient response [21]. In addition, since the ap-
proach is based on estimated linearized aircraft model
parameters, changes in operating point can generated
significant tracking error transients while the new lin-
earized model parameters are being estimated. Direct
adaptive control approaches that have been successfully
demonstrated in flight are provided in [4, 7, 17].

This article presents a flight-control approach that is
based on ideas from feedback linearization and back-
stepping [12]. The control law incorporates on-line
function-approximators to estimate aerodynamic force
and moment functions using the theory for approxima-
tion based nonlinear control, e.g. [8, 9, 15, 16]. The main
advantages of this approach include: the controller has
a small number of control parameters that are straight-
forward to select; the control law automatically adjusts
itself to accommodate changes to the aerodynamic prop-
erties of the vehicle; a complete proof of stability is in-
cluded; and, analysis of the affects of model errors is
facilitated. The main motivations for this work were:
to produce a simplified control design that is robust to
model error, to accommodate large changes in the ve-
hicle dynamics (e.g. damage) on-line, and to learn the
aerodynamic functions for the vehicle. An anticipated
benefit from these properties is that the controller could



be applied to an aircraft that it was not explicitly de-
signed for, e.g. an aircraft of the same family but differ-
ent configuration. Additionally, the controller could be
developed using a lower fidelity model than required by
current methods, thereby offering a cost savings. This
control method is expected to provide significant reduc-
tion in design time since the control system design does
not depend on a conglomeration of point designs. Refer-
ence [20] discusses some of these benefits in the context
of adaptive control for guided munitions.

The approach herein develops on-line approximations to
the aircraft force and moment functions. Such off-line
approximations have a long history in the aerodynam-
ics community. Trankle reviews off-line system iden-
tification methods in [24]. The example of this arti-
cle will use splines in the system identification process.
An overview, with several examples, of off-line, spline
based, system identification based on data partitioning
is presented in [3]. Finally, the article [23] performs off-
line estimation of additive functional corrections to the
aircraft model. The corrections are multidimensional
cubic splines (see p. 1294), which is interesting rela-
tive to the approach herein where such model error is
approximated on-line.

2 Outer Loop Control Derivation
This section presents an on-line approximation based
approach to achieve ‘asymptotic perfect tracking’ for
the flight path angle γ and speed V 1. Control of γ is
achieved through the intermediate variables α and Q.
The controller will force α and Q to track the inter-
nally generated signals αc and Qc. In this approach, we
assume that the aerodynamic drag and lift forces and
pitch moment are not known a priori. We approximate
the drag and lift forces and pitch moment functions on-
line and use the approximated functions in a backstep-
ping controller.

2.1 Control of (γ, α,Q)
The flight path angle is defined as (see p. 88, 131 in
[22])

γ ≡ sin−1

(
ḣ

V

)
.

The longitudinal model (see Appendix A), valid for
small sideslip and roll angles, has γ = θ − α with dy-
namics

γ̇ =
L

mV
+

[
T sin(α) − mg cos(γ)

mV

]
=

L

mV
+ fγ(α, T, V )

1Due to space limitations, the derivation of the velocity con-
troller is not included herein. It is used in the simulation example.
Its derivation is parallel to the derivations herein.

where fγ =
[

T sin(α)−mg cos(γ)
mV

]
is a known function.

Therefore, we have the following four dynamic equa-
tions, but only three independent variables:

γ̇ =
L

mV
+ fγ α̇ = − L

mV
+ Q − fγ

θ̇ = Q Q̇ = c7M̄ + fQ

where fQ is a known function due to inertial coupling.
To control γ through backstepping, the designer can
choose either α or θ as an intermediate variable. Sub-
section 2.1.1 presents a back-stepping based approach
for the control of (γ, α,Q). A controller using θ as the
intermediate variable can be similarly derived.

2.1.1 Backstepping control of (γ, α,Q): We
will work with the standard aircraft ‘coefficient’ nota-
tion [22] by letting

L(x) = q̄S (CL(xr) + CLαα(xr)) + εL1(x)

M̄(x) = q̄Sc̄

(
CMo

(xr) + CMQ
(xr)

c̄Q

2V

+
m∑

i=1

CMδi
(xr)δi

)
+ εM1(x).

The (m+4) nondimensional ‘coefficient’ functions CMo
,

CMQ
, CL, CLα

, and CMδi
are sufficient to illustrate the

method. The main assumption is that εM1 and εL1 are
small for x in the operating envelope D. Additional
coefficients may be required depending on the charac-
teristics of the aircraft to be controlled, but these are
sufficient to model the aerodynamics of most aircraft.
The vector variable xr represents the subset of the ve-
hicle state, operating point, and control vector informa-
tion that dominates the functional dependence of the
lift function. This is clarified further in the example of
Section 3.

The (γ, α,Q) dynamic equations are

γ̇ =
q̄S (CL + CLα

α)
mV

+ fγ +
εL1

mV

α̇ = − q̄S (CL + CLα
α)

mV
+ Q − fγ − εL1

mV

Q̇ = fQ + c7

[
q̄Sc̄

(
CMo

+ CMQ

c̄Q

2V

)
+ uQ + εM1

]

where GQ(xr) = q̄Sc̄
[
CMδ1

(xr), . . . , CMδm
(xr)

]
, uQ =

GQ(xr)δ, and (xr) has been dropped to reduce the
complexity of the notation. Assume that (γc, γ̇c) are
bounded and available. The variables (αc, Qc) will be
defined below. The dynamic equations for the tracking
errors γ̃ = (γ − γc), α̃ = (α − αc), and Q̃ = (Q − Qc)



are

˙̃γ =
q̄S (CL + CLα

(αc + α̃))
mV

+ fγ − γ̇c +
εL1

mV

˙̃α = − q̄S (CL + CLα
α)

mV
+ Qc + Q̃ − fγ − α̇c − εL1

mV

˙̃Q = c7

(
q̄Sc̄

(
CMo

+ CMQ

c̄Q

2V

)
+ uQ + εM1

)
+ fQ − Q̇c.

Known Aerodynamic Functions. In the case
where the lift and moment functions are known, the
backstepping control signals can be selected as follows.
For the γ dynamics, select

αc =
1

CLα

(
−CL +

mV

q̄S
(−fγ + γ̇c − Kγ γ̃ + νγ)

)
(1)

where νγ is a term that will be defined later to ensure
robustness to modeling errors. Then, the controlled γ
tracking error dynamics are

˙̃γ = −Kγ γ̃ + νγ + α̃
q̄SCLα

mV
+

εL1

mV
. (2)

For the α dynamics, select

Qc =
q̄S (CL + CLα

α)
mV

−Kαα̃+fγ + ˙̄αc +να − γ̃
q̄SCLα

mV

where ˙̄αc is an approximation to α̇c (e.g., ˙̄αc = s
ταs+1αc)

2. Then the controlled α tracking error dynamics are

˙̃α = −Kαα̃ + να + Q̃ + ( ˙̄αc − α̇c) − γ̃
q̄SCLα

mV
− εL1

mV
.

For the Q dynamics, select

uQ = −q̄Sc̄

(
CMo

+ CMQ

c̄Q

2V

)
+
−KQQ̃ + νQ − α̃ + ˙̄Qc − fQ

c7

where ˙̄Qc is an approximation to Q̇c (e.g., ˙̄Qc =
s

τQs+1Qc see the comments for ˙̄αc). Then the controlled
Q tracking error dynamics are

˙̃Q = −KQQ̃ +
(

˙̄Qc − Q̇c

)
+ νQ − α̃ + c7εM1 .

2At least three approaches to handle the term α̇c are possible:
1) Compute α̇c exactly – This is complex and requires knowledge
of α̇ which is not generally available directly. 2) Neglect α̇c com-
pletely – This would require increasing ε̄ enough to over bound
the entire derivative. 3) Use a filtered version of the derivative in
place of the derivative – In this case, ε̄ only is increased by the
error between the derivative and the filtered derivative. The pre-
sentation to follow applies to any of these choices, but the authors
favor method 3 and use it in the example. Method 3 works well,
because the signal that is being filtered is continuous. Therefore,
the signal energy is at low frequencies where the specified filter
is a good approximation to the derivative. Note that this is by
design since the designer selects the bandwidth of the derivative
filter (i.e., 1

τα
) and the bandwidth of αc (i.e., Kγ).

At this point, Lyapunov analysis could prove a re-
sult similar to Theorem 2.1 (proved later in this ar-
ticle); however, since this is only an intermediate re-
sult and we have limited space, we do not do so. Note
that for a well-modeled system each of the terms εL1

mV ,(
˙̄αc − α̇c − εL1

mV

)
,

(
˙̄Qc − Q̇c + c7εM1

)
would be quite

small; however, modeling error, possibly due to in-flight
changes in the aircraft, will excite tracking error to pos-
sibly unacceptable limits. The challenge, as addressed
in the next section is to ensure that the system is well
modeled, even when in-flight events change the vehicle
dynamics. This will be achieved without resorting to
high control gains.

Unknown Aerodynamic Functions. The previ-
ous design and analysis was based on exact knowledge
of the coefficient functions. Now, we consider the case
where the functions CL, CLα

, CMo
, CMQ

, and CMδi
are

unknown and are approximated on-line. Their on-line
approximations are given by

ĈL(xr) = θT
CL

φ(xr), ĈLα
(xr) = θT

CLα
φ(xr),

ĈMo
(xr) = θT

Mo
φ(xr), ĈMQ

(xr) = θT
MQ

φ(xr),

ĈMδi
(xr) = θT

Mδi
φ(xr) i = 1, . . . , m.

where xr ∈ <d and φ(xr) : <d 7→ <N is a regressor
vector containing the basis functions for the approxi-
mation.

Denote the operating envelope by D, which is assumed
to be compact (i.e., closed and bounded). Then for
continuous M̄(xr), there exists a parameter matrix

Θ∗
M = argminΘM

[sup
D

|M̄(xr) −

q̄Sc̄

(
θT

Mo
+ θT

MQ

c̄Q

2V
+

m∑
i=1

θT
Mδi

δi

)
φ(xr)| ].

In addition, there exists an upper bound ε̄M2 such that

supD|εM2(xr)| = ε̄M2 < ∞, where

εM2(xr) = M̄(xr) − q̄Sc̄

(
θT

Mo
+ θT

MQ

c̄Q

2V

+
m∑

i=1

θT
Mδi

δi

)∣∣∣∣∣
Θ∗

M

φ(xr)

and ΘM = [θMo
, θMQ

, θMδ1
, · · · , θMδm

] ∈ <N×(2+m).
Since the designer has the freedom to choose the ba-
sis set φ(·), the basis set can be selected so that ε̄M2

is small. It is important to note that the values of Θ∗
M

and ε̄M2 need not be known and these quantities are not
used in the control calculations. It is sufficient to know
that these quantities exist.



Two model error terms have been introduced. The term
εM1 denotes the error incurred by neglecting some of
the state variables in the model representation of the
moment. This error could be reduced by including ad-
ditional input variables in the moment model or by in-
cluding additional aerodynamic coefficients. The term
εM2 denotes the approximation error incurred due to the
choice of the approximator basis set. This error can be
reduced by the increasing the number of basis elements.
There is an inherent tradeoff. Reduction of either er-
ror will require additional computation. Therefore, the
regression vector and the dimension of the input space
must be selected judiciously. Note also, that the on-line
approximation M̂(xr) only achieves the approximation
error εM2 asymptotically if ΘM converges to Θ∗

M .

By analysis similar to that related to εM2 , we define

Θ∗
L = argminΘL

[ sup
xr∈D

|(CL(xr) + CLα
(xr)α)

−
(
θT

CL
+ θT

CLα
α
)

φ(xr)
∣∣∣]

εL2(xr) = CL(xr) + CLα
(xr)α −

(
θT

CL
+ θT

CLα
α
)∣∣∣

Θ∗
L

φ(xr)

ε̄L2 = sup
xr∈D

|εL2(xr)|

where ΘL = [θCL
; θCLα

]. The bound ε̄L2 is well-defined
and small for appropriate selection of the basis vector
φ(xr). Therefore,

(CL(xr) + CLα
(xr)α) =

(
θT

CL
φ(xr) + θT

CLα
φ(xr)α

)
−(

θ̃T
CL

φ(xr) + θ̃T
CLα

φ(xr)α
)

+ εL2(xr) (3)

where θ̃CL
= θCL

− θ∗CL
and θ̃CLα

= θCLα
− θ∗CLα

. Note
that θ∗CL

, θ∗CLα
, and εL2(xr) are used only for analysis

and are not needed for control law implementation.

For the γ dynamics replace the unknown functions by
their approximations in the selection of the control law

αc =
1

ĈLα

(
−ĈL +

mV

q̄S
(−fγ + γ̇c − Kγ γ̃ + νγ)

)
.

(4)
Then, the controlled γ tracking error dynamics are

˙̃γ = −Kγ γ̃ + νγ + α̃
q̄SĈLα

mV

− q̄S

mV

(
θ̃T

CL
φ + θ̃T

Lα
φα

)
+

(εL1 + q̄SεL2)
mV

.

Define the γ Lyapunov function as

Vγ =
1
2
γ̃2 +

1
2

(
θ̃T

CL
Γ−1

CL
θ̃CL

+ θ̃T
CLα

Γ−1
CLα

θ̃CLα

)
where throughout this article the subscripted Γ sym-
bols are positive definite parameter adaptation gains.

The derivative of Vγ along solutions of the γ̃ dynamic
equation is

V̇γ = −Kγ γ̃2 + νγ γ̃ + γ̃α̃
q̄SĈLα

mV
+ γ̃

(εL1 + q̄SεL2)
mV

+θ̃T
CL

Γ−1
CL

(
θ̇CL

− ΓCL

q̄S

mV
φγ̃

)
+θ̃T

CLα
Γ−1

CLα

(
θ̇CLα

− ΓCLα

q̄S

mV
φαγ̃

)
.

Since the unknown functions CL and CLα
also appear

in α dynamics, we delay the selection of the update laws
for θCL

and θCLα
until the next step of the backstepping

procedure. For the α dynamics, select

Qc =
q̄S

(
ĈL + ĈLα

α
)

mV
−Kαα̃−fα+ ˙̄αc+να− γ̃

q̄SĈLα

mV
(5)

Based on the above control law, the controlled α track-
ing error dynamics are

˙̃α = −Kαα̃ + να + Q̃ − γ̃
q̄SĈLα

mV
+

q̄S

mV

(
θ̃T

CL
φ + θ̃T

Lα
φα

)
− (εL1 + q̄SεL2)

mV
+ ( ˙̄αc − α̇c).

Define the (γ, α) Lyapunov function as

V(γ,α) = Vγ +
1
2
α̃2.

The derivative of V(γ,α) along solutions of the (γ̃, α̃)
dynamic equations is (after simplification)

V̇(γ,α) = − (
Kγ γ̃2 + Kαα̃2

)
+ Q̃α̃ + νγ γ̃ + ναα̃

+α̃( ˙̄αc − α̇c) + (γ̃ − α̃)
(εL1 + q̄SεL2)

mV

+θ̃T
CL

Γ−1
CL

(
θ̇CL

− ΓCL

q̄S

mV
φ (γ̃ − α̃)

)
+θ̃T

CLα
Γ−1

CLα

(
θ̇CLα

− ΓCLα

q̄Sα̃

mV
φα (γ̃ − α̃)

)
.

Based on the above Lyapunov function derivative, we
now select the adaptive laws for θCL

and θCLα
:

θ̇CL
= ΓCL

q̄S

mV
φ (γ̃ − α̃) (6)

θ̇CLα
= ΓCLα

q̄S

mV
φα (γ̃ − α̃) (7)

for |γ̃| >
∣∣∣ 1
Kγ

(εL1+q̄SεL2 )

mV

∣∣∣ and

|α̃| >

∣∣∣∣ 1
Kα

[
( ˙̄αc − α̇c) +

(εL1 + q̄SεL2)
mV

]∣∣∣∣ .

For the Q dynamics, select

uQ = −q̄Sc̄

(
ĈMo

+ ĈMQ

c̄Q

2V

)
+
−KQQ̃ + νQ − α̃ + ˙̄Qc − fQ

c7
.



Then the controlled Q tracking error dynamics are

˙̃Q = −KQQ̃ + νQ − α̃ + c7 [εM2 + εM1 ] + ( ˙̄Qc − Q̇c)

+c7q̄Sc̄

[(
θ̃T

Mo
+ θ̃T

MQ

c̄Q

2V
+

m∑
i=1

θ̃T
Mδi

δi

)
φ

]
.

Define the (γ, α,Q) Lyapunov function as

V(γ,α,Q) = V(γ,α) +
1
2
Q̃2 +

1
µ

[
θ̃T

Mo
Γ−1

Mo
θ̃Mo

+ θ̃T
MQ

Γ−1
MQ

θ̃MQ
+

m∑
i=1

θ̃T
Mδi

Γ−1
Mδi

θ̃Mδi

]
.

The derivative of V(γ,α,Q) along solutions of the (γ, α,Q)
tracking error dynamic equations with the moment co-
efficient update laws defined by

θ̇Mo
= µc7 (q̄Sc̄) Q̃ΓMo

φ(xr) (8)

θ̇MQ
= µc7 (q̄Sc̄) Q̃ΓMQ

φ(xr)
c̄Q

2V
(9)

θ̇Mδi
= µc7 (q̄Sc̄) Q̃ΓMδi

φ(xr)δi, (10)

for i = 1, . . . ,m, with the deadzone

|KQQ̃| <
∣∣∣c7 [εM2 + εM1 ] + ( ˙̄Qc − Q̇c)

∣∣∣
is (after simplification)

V̇(γ,α,Q) = −
(
Kγ γ̃2 + Kαα̃2 + KQQ̃2

)
+ νγ γ̃ + ναα̃ + νQQ̃ + ε

where ε = α̃( ˙̄αc − α̇c) + (γ̃ − α̃) (εL1+q̄SεL2 )

mV +
c7 [εM2 + εM1 ] Q̃ + ( ˙̄Qc − Q̇c)Q̃. Therefore, for
(Kγ ,Kα,KQ) positive:

1. If ( ˙̄αc − α̇c) =
(

˙̄Qc − Q̇c

)
= εM1 = εM2 = εL1 =

εL2 = 0, then even for νγ = να = νQ = 0 we have
V̇(γ,α,Q) negative definite, which implies (by Bar-
balat’s Lemma) that the tracking error is asymp-
totically stable.

2. If νγ has sign opposite to γ̃ and magnitude larger

than
∣∣∣ εL1+q̄SεL2

mV

∣∣∣, να has sign opposite to α̃ and

magnitude greater than
∣∣∣ ˙̄αc − α̇c − εL1+q̄SεL2

mV

∣∣∣,
and νQ has sign opposite to Q̃ and magni-

tude larger than
∣∣∣ ˙̄Qc − Q̇c + c7(εM1 + εM2)

∣∣∣, then

V̇(γ,α,Q) is negative definite. Therefore, by Bar-
balat’s Lemma, each tracking error is asymptoti-
cally stable.

3. If each of the terms εL1
mV , q̄S

εL2
mV , ( ˙̄αc − α̇c),(

˙̄Qc − Q̇c

)
, and (c7(εM1 + εM2)) is bounded;

then the tracking error is uniformly ultimately
bounded. Each of these terms should be small for
a properly designed system. It can be shown that
γ̃, α̃, Q̃, Θ̃, ˙̃Θ ∈ L∞ and that the signals γ̃, α̃, Q̃
are each s2-small in the mean squared sense, where

s2 =
1

Kγ

(
εL1 + q̄SεL2

mV

)2

+
1

Kα

(
˙̄αc − α̇c − εL1 + q̄SεL2

mV

)2

+
1

KQ

(
c7 [εM2 + εM1 ] + ( ˙̄Qc − Q̇c)

)2

,(11)

If νγ has sign opposite to γ̃, να has sign opposite
to α̃, and νQ has sign opposite to Q̃, then the
magnitude of this bound is decreased.

The third case will be the case that holds in most ap-
plications. Although it is possible to decrease s2 by
increasing (Kγ ,Kα,KQ), this is not a desirable ap-
proach, since these parameters determine the closed
loop bandwidth. Also, the designer can force the second
case by selecting νγ = K1 sign(γ̃), να = K2 sign(α̃),
νQ = K3 sign(Q̃) with K1,K2,K3 sufficiently large, but
this will cause the control signals to be discontinuous,
which is not desirable. Case three is preferred since s is
small. The magnitude of s can by controlled by the de-
signer through the specification of φ(xr) and the choice
of aerodynamic coefficients included in the model.

2.2 Control Law Summary
The equations of the on-line approximation based con-
troller are summarized in Table 1. The properties of
this controller are summarized in Theorem 2.1.

Theorem 2.1 The control law summarized in Table 1
stabilizes the (γ, α,Q) dynamics of an aircraft in the
sense that

1. (γ̃, α̃, Q̃) are each ultimately bounded by
|γ̃| ≤

∣∣∣ 1
Kγ

(εL1+q̄SεL2 )

mV

∣∣∣,
|α̃| ≤

∣∣∣ 1
Kα

[
( ˙̄αc − α̇c) + (εL1+q̄SεL2 )

mV

]∣∣∣, and

|KQQ̃| ≤
∣∣∣c7 [εM2 + εM1 ] + ( ˙̄Qc − Q̇c)

∣∣∣;
2. γ̃, α̃, Q̃, Θ̃, ˙̃Θ ∈ L∞;

3. and, Kγ γ̃ + Kαα̃ + KQQ̃ is s2-small in the mean
squared sense with s2 is defined in (11);

where (γ̃, α̃, Q̃) = (γ − γc, α − αc, Q − Qc) and Θ =
[ΘL,ΘLα

,ΘM ], for i = 1, . . . ,m. All other symbols are
defined in the appendix.
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Figure 1: Plots of the actual aerodynamic functions
CMo(xr) and CLo(xr)+CLα(xr)α versus alpha.
The approximations to these functions at the
beginning and end of the simulation are also
shown.

3 Simulation Analysis

The preceding sections have presented the theory for the
design of an approximation based back-stepping con-
troller. This section presents simulation results for the
controller summarized in Table 1. The controller pa-
rameters are Kγ = 0.3, Kα = 3, KQ = 30, νγ =
−(10γ̃)3, να = −(10α̃)3, and νQ = 0 where γ̃ and α̃ are
in radians. The vehicle for these simulations is a tailless
uninhabited combat air vehicle (UCAV) with one engine
and six control surfaces (i.e., δ1 = right outer flap, δ2 =
left outer flap, δ3 = right mid flap, δ4 = left mid flap,
δ5 = right spoiler, and δ6 = left spoiler). The spoilers
are directly in front of the mid-flaps. Therefore, the
midflap effectiveness is a function of the spoiler deflec-
tion. The spoiler deflection is restricted to be positive.
The nonlinear aircraft simulation incorporates second
order actuator models with magnitude and rate limit
constraints. The thrust has first order, rate limited dy-
namics, with magnitude limited to the range [100,5000]
lbs. When the thrust command is below its lower limit,
the spoilers are deflected to create the necessary drag to
cause the vehicle to track the commanded speed. The
open loop vehicle is unstable.

As summarized in the right column of Table 1, 10 func-
tions will be approximated. For all functions except
CMδ3

and CMδ4
, the regressor argument is xr = (α,M).

For CMδ3
, the regressor argument is xr = (α,M, δ5).

For CMδ4
, the regressor argument is xr = (α,M, δ6).

Each element of the regressor vector φ(xr) is currently
implemented as third order B-spline. The spline and
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Figure 2: Time series plots of the longitudinal actual and
commanded states of the aircraft (two plots per
graph). The simulation starts with all coeffi-
cients of the aerodynamics model incorrect. The
vehicle is commanded to fly at 400 fps and exe-
cute a series of 10 degree γ doublets.

on-line approximation implementation are designed so
that significantly fewer than N regressor elements and
model parameters are computed at each iteration (see
[9]). The spline knots for α are spaced every 2 degrees
between -8 and 20 degrees. The spline knots for M are
spaced every 0.2 units between 0.0 and 1.0. The spline
knots for spoiler deflection are spaced every 10 degrees
between 0.0 and 60.

At t=0, the vehicle is flying V=300 fps with an alti-
tude of 5000 ft, when an event occurs that changes the
aircraft dynamics. Therefore, all of the aerodynamic
coefficient functions in the controller become incorrect.
For example, Figure 1 shows the actual coefficient of
lift and coefficient of moment functions compared to
the controller approximations to the same functions at
the start and end of the simulation. The commanded
and actual state trajectories are shown in Figure 2 for
the subsequent 450 s. During this period of time, the
vehicle speed is commanded to 400 fps, and starting at
t=25s the γ command is a series of 10 degree doublets
with a period of 50 seconds. The γ doublets are pre-
filtered by a first order filter with a pole at s=-0.5 and
a 5 degree per second rate limit. This prefilter pro-
vides γ̇c and a continuous γc. The αc and Qc signals
are generated within the control law according to eqns.
(4–5). The actuator signals are displayed in Fig. 3(a).
The time series for the tracking errors are shown in Fig.
3(b). To more easily compare the tracking errors for
repetitions of the same portion of the command, Fig.
3(c) displays the first 20 seconds of the tracking errors
following t = 50, 150, 250, and 350 s. At each of these
times, the signal γc has just switched from -10 to 10 deg.
Note that the tracking errors are small, converge toward
zero during each doublet, and the peak errors between
repetitions of doublets is decreasing. Also, the energy



(i.e., integrated squared error) of each tracking error ap-
pears to decrease from one repetition of the doublet to
the next. The tracking errors for the same initial con-
dition and command sequence, but with the parameter
adaptation turned off is shown in Figure 3(d). Note that
even without on-line approximation, the tracking errors
of the controller are bounded; however, the bound is
significantly larger.

Figure 1 shows the initial and final approximations to
CMo

(xr) and CLo
(xr)+CLα

(xr)α along with the actual
functions. The graphs are only shown as a function of
α, but the regressor input xr is multi-dimensional as
described above. Note that the approximations con-
verge toward the actual functions for α ∈ [3, 10] which
is the region of the operating envelope about which the
vehicle has operated during the duration of this 450 s
simulation. Note that convergence of the approximated
functions is not required for the tracking errors to be-
have well. The approximated functions can be forced
to converge, if desired, by adding additional excitation
(either by changing the γc signal or by altering the ac-
tuator signals within the null space of the GQ matrix).

4 Issues and Conclusions
This article has presented design, analysis, and simula-
tion results for a backstepping controller incorporating
on-line approximation of the aerodynamic coefficients
as functions over the operating envelope. Several pre-
vious results in the literature have presented controllers
incorporating on-line adaptation of linearized aerody-
namic coefficients; however, since the optimal linearized
aerodynamic coefficients change with operating point,
such linear adaptive methods may have significant tran-
sients when the flight conditions change. Those tran-
sients would re-occur as the aircraft cycled through a
set of operating points, since such linear adaptive ap-
proaches are incapable of storing model information as
a function of operating point. On-line approximation
of the aerodynamic coefficients as a function over the
operating envelope is a form of spatial memory, each
time the aircraft enters a new region of the operating
envelope, the model parameters that the controller uses
are the last parameters that it had previously estimated
while in that region. At the initiation of the controller,
prior knowledge about the approximated functions can
be used, either by initializing the approximator parame-
ter vectors or by additive known functions. While prior
initialization is not required, it will improve the initial
transient performance.

The main focus of this article is not actuator distri-
bution. The simulation results presented herein used
pseudo-inverse based control distribution, but the sta-
bility results are not dependent on that actuator distri-
bution approach. Although various other actuator dis-
tribution approaches are available, two points are im-
portant and will occur with any actuator distribution

approach. The first potential issue is that the estimated
GQ matrix may lose full row rank even while the actual
GQ matrix still has full row rank. This issue did not
occur in our simulation results, but would need to be
addressed in a flight ready control approach. If the de-
signer can define a convex set S (e.g., each element of
ĜQ having an a priori fixed sign) which is known to
contain the true control effectiveness parameters and
which ensures the full row rank of ĜQ, then projection
methods can be used to avoid this condition. Alter-
natively, since it is assumed that the actual vehicle is
controllable throughout the operating envelope D, it is
possible to monitor the condition of ĜQ ĜT

Q. If this
matrix approaches singularity, then the actuator dis-
tribution algorithm can use the actuator effectiveness
matrix null space to enhance the ability to estimate the
actuator effectiveness parameters. The second potential
issue is actuator saturation. The actuator distribution
algorithm can use the null space of ĜQ to achieve uQ

even though some of the actuators may be at a satura-
tion limit. When it is not possible to achieve uQ due
to actuator saturation, non-zero tracking error will oc-
cur that is caused by saturation, not by model error;
therefore, the on-line approximation approach will re-
quire modification. One approach that will work is to
stop the parameter adaptation when uQ is not being
achieved due to actuator saturation. A more subtle ap-
proach that allows on-line approximation to continue
even during saturation is being developed as a current
research project.
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A Reduced Longitudinal Dynamic Model

For R = P = φ = β = 0, the aircraft dynamics are

V̇ =
1
m

[T cos(α) − D − m go sin (θ − α)]

α̇ =
1

mV
[−T sin(α) − L + mV Q + m go cos(θ − α)]

Q̇ = c7M̄ + fQ

θ̇ = Q

where the various symbols are defined below [22].
Symbol Meaning

α Angle of attack
αc Commanded Angle of attack
α̃ Angle of attack tracking error
c̄ Mean aerodynamic chord

ci, i ∈ [1, 9] Inertial parameters (see p.80 in [22])
CD(xr) Coefficient of drag
CL(xr) Coefficient of lift
CLα(xr) Coefficient of lift with respect to α
CMo(xr) Coefficient of pitch moment
CMQ(xr) Coefficient of pitch moment due to Q
CMδi

(xr) Coefficient of pitch moment due

to deflection of surface i
δT The vector of control surface deflections

D(x) Drag force function

D̂(xr) Approximated drag force function
γ Flight path angle
γc Commanded flight path angle
γ̃ Flight path angle tracking error
g gravity

KQ Control parameter for Q loop
Kα Control parameter for α loop
Kγ Control parameter for γ loop

L(x) Lift force function

L̂(xr) Approximated lift force function
m Number of control surfaces
M Mach number

M̄(x) Pitch moment function
ˆ̄M(xr) Approximated pitch moment function
φ(xr) Regressor vector

q̄ Dynamic pressure
Q Pitch rate
Qc Commanded pitch rate

Q̃ Pitch rate tracking error
ρ Air density
S Reference surface area
T Thrust
θ Pitch Angle
V Airspeed
Vc Commanded airspeed

Ṽ velocity tracking error
x Vehicle state vector
xr Reduced state vector containing

only the dominant elements.



αc = 1

ĈLα

(
−ĈL + mV

q̄S (−fγ + γ̇c − Kγ γ̃ + νγ)
)

ĈLo
= ΘT

Lo
φ(xr)

Qc =
q̄S(ĈL+ĈLα α)

mV − Kαα̃ + fγ + α̇c + να − γ̃
q̄SĈLα

mV ĈLα
= ΘT

Lα
φ(xr)

uQ = −q̄Sc̄
(
ĈMo

(xr) + ĈMQ
(xr) c̄Q

2V

)
ĈMo

= θT
Mo

φ(xr)

+ 1
c7

(
−KQQ̃ + ˙̄Qc + νQ − α̃ − fQ

)
ĈMQ

= ΘT
MQ

φ(xr)

δ = d + W−1ĜT
Q

[
ĜQW−1ĜT

Q

]−1 (
uQ − ĜQd

)
ĈMδi

= ΘT
Mδi

φ(xr)

ĜQ = q̄Sc̄
[
ĈMδ1

, . . . , ĈMδm

]T

Table 1: On-line approximation based (γ, α, Q) controller summary including pseudoinverse based control surface allocation.
The parameter adaptation equations are specified in eqns. (6–7) and (8–10). The matrix W is positive definite
and the index i ∈ [1, m].
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(a) Plots of the surface positions and thrust commands
required to execute the state trajectory displayed in Fig.
2.
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(b) Time series of the command tracking errors for the
longitudinal states.
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(c) First twenty seconds of transients to γ commands
starting at t = 50, 150, 250, and 350s.
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(d) Time series of the command tracking errors for the
longitudinal states for the backstepping controller with
the parameter adaptation turned off.

Figure 3: Simulation results.


