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Abstract

The authors introduce a subspace-based method for
tracking structural changes in mechanica systems.
Most existing signal processing methodologiesin the
realm of moda analysis based on vibration sgnas
acquired from accelerometers fail to move beyond
merely detecting the existence of changes. Such
changes are reveded through departures of modal

current probes. However, such technologies are labor-
and equipment-intensive; most are impractical for in
stu monitoring and do not offer the potential for
automated operation. Because of the local nature
of most NDE technologies, they generally require a
priori knowledge of where probable damage is lo-
cated. Although SHM techniques have traditionally
focused on global — as opposed to local — monitor-

paramaa' estimates (e gmfraqumci es and mode gf]ape |ng of gructur%, teChanueS such as those described

vectors) from baseline values. Much less effort has
been devoted to diagnosing shifts in modal parame-
ter estimates in terms of changes in mass, stiffness,
or damping. In this paper, an advanced approach for
detecting and diagnosing (i.e., isolating) changes in
aircraft and other mechanical structuresis presented.
The approach builds upon a broad base of estab-
lished theoretical methods, including modern spec-
tral analysis (autoregressive, moving-average mode -
ing) techniques for modal parameter estimation and
presents a new theoretical approach for diagnostic
tracking. The algorithmic methodology isillustrated
via simulation of a simple mechanical system. The
methods presented lend themsdves to nonintrusive,
in situ monitoring based on natural excitation and
are retrofittable to a broad class of existing struc-
tures in most immediate need of effective structural
health monitoring tools.

Overview

To a perhaps surprising extent, the most common
technique for evaluation of structura integrity is still
examination with the naked eye during periodic in-
spections. The examination process has been signif-
icantly enhanced in recent decades through the emer-
gence of a host of non-destructive eva uation (NDE)
technologies, such as ultrasonic scanning, ground-
penetrating radar, thermographic imaging, and eddy-

herein can aso be used to monitor damage at local-
ized problem areas (e.g., helicopter fuselage at points
of engine attachment). Moreover, most NDE tech-
nigques require a direct line of sight to damaged re-
gions and cannot detect damage deep below the sur-
face. SHM, by contrast, implies in situ monitoring
of the structure with minimal human involvement;
in other words, the ability to monitor the structure
continuously during usage, without need for disas-
sembly or (necessarily) a priori knowledge of where
damage will likely occur.

The most questionable aspect of vibration mon-
itoring/modal analysis is that, when used for globa
monitoring of structural health, it relies on long wave-
lengths (comparable to the dimensions of the en-
tire structure) that are several orders of magnitude
greater than the dimensions of small cracks that
characterize incipient faults. Ultrasonic interroga-
tion, by contrast, utilizes wavelengths comparable
to or smaller than crack dimensions. This concern
about vibration monitoring, which may limit detec-
tion to widespread fatigue damage, has been raised
frequently in the literature and is indeed germane.

There are severa responses to such arguments.
First, vibration monitoring can be performed locally
(rather than globally), such as to monitor for dam-
ageat a priori known problem areas, as is commonly
done with other methods. Indeed, the SHM methods



described herein can operate using many of the new
sensor technologies (e.g., fiber-optic accd erometers
and displacement sensors) that are being considered
for retrofit and forward-fit (e.qg., embedded compos-
ites) SHM applications. Even if non-vibration tech-
nigues (e.g., ultrasonics, acoustic emission) do prove
to be inherently superior for incipient crack detec-
tion on physical grounds, there is ill a place for
vibration monitoring. All of the aforementioned ad-
vantages — low cost, low power, nonintrusiveness,
in situ operating capability, retrofit capability, ease
of comprehending the underlying physics and inter-
preting data — still apply.

For global monitoring, which is generally not
performed with other methods, it is known that eigen-
frequency vaues change relatively little until dam-

tical techniques, such as laser Doppler vibrometry
and fiber-optic Bragg grating arrays, are immune
from electromagnetic interference (EMI), which re-
sults in much greater signal-to-noise ratio and there-
fore high sensitivity to low-amplitude surface vibra-
tion. This is especidly important in natural exci-
tation scenarios, in which most external excitation
is of very low power. Another advantage of opti-
cal vibration monitoring is that it provides orders
of magnitude improvement in spatial (and tempo-
ral) resolution compared to discrete piezodectric ac-
celerometers, due to the short waveengths of vis-
ble light. This can potentially facilitate detection
of moda perturbation effects that arise from local-
ized, incipient damage. Moreover, some fiber-optic
sensors can provide continuous spatial information;

age reaches near-critical levels. However, mode shapesachievement of similar capability with piezoe ectric

are much more sensitive and informative indicators
of early damage. Identifying mode shapes requires
either very sendtive displacement detection (eg.,
using lasers or optical interferometers) or densdy
spaced sensors.  With moderately spaced sensors,
global vibration monitoring most likely cannot de-
tect incipient faults in their earliest stages, but it is
likely to catch such faults well before they become
critical. With fewer sensors, one merely has less
resolution concerning mode shape than is desired.
As long as damage can be detected well before it
jeopardizes safety, vibration monitoring can make a
valuable contribution. Indeed, vibration-based SHM
can be used in conjunction with NDE and visual
inspections, acting as a sentind in-between sched-
uled manual inspections to increase the margin of
safety. It is noted that aircraft aeroelasticity models
can be taken into consideration in the vibration mon-
itoring algorithms to improve their sensitivity and
specificity in detecting only structural changes that
are of interest and to aid in establishing detection
thresholds pertaining to structural damage.
Improved measurement of acceleration and dis-
placement, such as through optical sensing technolo-
gies, will provide increased sensitivity to low-level
structural vibration. Thiswill enable superior mode-
shape resolution than is possible using more conven-
tional piezoelectric accelerometer technologies. Op-

accelerometers would require many densely spaced
sensors. The theoretical results for vibration-based
SHM presented in this paper are applicable to both
low- and high-end measurement technol ogies.
Thereis still much unexplored ground and room
for continuing progress and new ideas in the field of
modal analysis. Thework presented herein was pur-
sued largdy in this spirit. Advanced signal process-
ing and inference-based approaches for structura
health assessment provide, in addition to mathemat-
ical tools and theoretical ingghts, a vision and a
dtrategic link between manual NDE technol ogies and
automated SHM. Some of the concepts emerging
from this work may be indirectly applicable to non-
vibration monitoring technologies, such as acoustic
emission or ultrasonic-based electromechanical im-

pedance.

Research Thrustsin Structural Health Monitor-
ing

One very important high-leve issuethat has received
reatively little attention in SHM circlesisretrofit ca-
pability. Life extension is clearly a dominant objec-
tive of SHM, but the most heavily emphasized areas
in the SHM field today (e.g., judging from the con-
tents of [2]) appear to be geared toward such trends
as speciaized composite materia's, self-repairing ma-
terials, and smart micro-electromechanica systems



(MEMYS)-based structures. Quite obviously, a great
many existing structures (e.g., bridges, commercial
aircraft) do not contain such advanced materials and
sensor technologies. For this reason, aging struc-
tures in greatest need of effective health monitor-
ing stand to benefit least from the preponderance of
SHM research that is being pursued today.

That vibration monitoring lends itsdlf to retrofit
is an additional reason for our focus on such. Ac-
celerometers are inexpensive, relatively small, and
noninvasive. They can be mounted on structures at
more or less arbitrary locations, which makes it pos-
sible to monitor parts of a structure that are inacces-
sible to direct inspection. Furthermore, as a passive
monitoring technique not requiring actuation (i.e.,
does not require an excitation signal to interrogate
the structure), vibration monitoring consumes very
little power and presents minimal disruption during
in-service operation.

Algorithms for vibration monitoring are the fo-
cus of the present paper. In addition to the rea
sons given above, vibration monitoring is the most
mature and least expensive of the aforementioned
physical technologies. It is well-established in the
literature (see [3]) and widdy applied in many civil
infrastructure and aerospace realms. Unlike for most
other monitoring technologies, there is a consider-
able amount of data (e.g., 1-40 bridge data acquired

of choice when physical models of mechanica sys-
tems are available and practicable, asthey are herein.

Natural versus Artificial Excitation

In vibration monitoring applications, thereis an im-
portant distinction between artificial and natural ex-
citation. Most prior experimental work in modal
analysis involves the former, in which the structure
is interrogated with known excitation forces pro-
duced by an artificia shaker. Use of shakers is
an equipment-intensive and intrusive process, it is
impractical for most in situ monitoring scenarios.
Our focus herein will be on structural diagnostics
wherein only the natural, unmeasured, and unknown
excitations (e.g., wind, turbulence, waves, etc.) act
to excite the structure.

Natural excitation appropriately pertains to most
practical SHM applications, in which excitation forces
are unmeasured and unknown. However, the sig-
nal processing problem becomes much more compli-
cated. Whereas artificial excitation involves straight-
forward system identification of the transfer func-
tion, G’yf(w) (introduced in detail later on), the sig-
nal processing challenge with natural excitation is
one of blind deconvolution. This requires certain
assumptions about the statistical behavior of the ex-
citation forces, as is discussed in Section .

Diagnostic Monitoring of Vibrating Struc-

at Los Alamos National Laboratory [5]) against which tyres

new algorithms can be tested.

Furthermore, the underlying physics of modal
analysis is wdl-developed, relatively simple, and
completely genera. In contrast with some other
physical approaches, it is not limited to certain types
of materials (e.g., dectricaly conductive or layered-
composites). It is straightforward to formulate the
signal processing and system identification aspects
of the damage detection/identification problem in
clear-cut manners. Pattern recognition tasks, un-
like with acoustic emisson or ultrasonic interro-
gation, are relatively straightforward. The use of
first-principles mechanical models implies that fault
severity assessment can be formulated in a quan-
titative and readily interpretable manner. Modd -
based damage detection and isolation is the method

In this section we focus on fundamental information-
theoreti c questions concerning vibration-based SHM.
The chief question is: What is the maximum amount
of information that can be extracted from vibration
monitoring of a mechanical sructure? The short
answer is that the modal parameters of the sys-
tem (which in this context are reflective not only of
the mechanical system, but also of the configuration
of the sensor array) condtitute essentially all of the
information that can be abtained through vibration
monitoring. Here we are concerned with the higher-
level question of to what end complete and perfect
knowledge of the modal parameter values should be
used. It is wel-known that, in practice, the modal
parameters do not uniquely determine the underlying
health condition of a mechanica system, in terms



of directly relevant and comprehensible properties
such as mass, stiffness, and damping parameters. In
this section we show how modal parameter estimates
can be used for purposes of diagnostics (i.e., dam-
age isolation), in addition to detecting the existence
of structural change.

Simplified Physical Modeling for Vibration-Based
SHM

From a physical viewpoint, any extended mechani-
cal structure can be modded as a lattice of interact-
ing point-mass particles. In a simple mass-spring-
damper modd, the vibrationa motion is governed
by a system of linear equations of the genera form

D

in which X isan N x 1 vector of lumped-dement
displacements (where NV is the total number of mass
elements). m, b, and k are N x N matrices repre-
senting, respectively, the distributions of mass, dis-
sipative damping, and eladticity in the system. It
should be recognized that Eq. 1 is a reduced-order
modd. N should not be regarded as a fixed, well-
defined number; it isindefinitdy large. In generd, it
can be expected that there exists afamily of mechan-
ica modds of the form in Eq. 1 that can accurately
account for the observed behavior of the actual sys-
tem. Methods for establishing an adequate model in
this regard are available [1].

Eqg. 1 can be cast into a canonical first-order
form by treating particle displacements and veloci-
ties as states, viz,

mX +bX + kX = f(t),

(2)

Eg. 1 then assumes the form

&= Az + Bf(t)
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The A matrix can be diagonalized, viz.,

A=X"1A,) (5)
in which A,,, is adiagonal matrix of egenfrequen-
ciesand A is atransformation matrix between mass-
element coordinates (in which Eq. 1 is formulated)
and modal coordinates.

The sensor outputs usually represent displace-
ments (doubly-integrated accd erations) at certain lo-
cations on the structure. The output vector, y, from
the sensor array may be modeled as a linear combi-
nation of the system states, viz,

(6)

The number of rows in y and C' is equal to the
number of sensor channel_s, denoted as R. Unlike
N, R isawdl-defined and relatively small number
(R < N may always be assumed). The sensor con-
figuration matrix, C, can be deduced from knowl-
edge of the sensor placements vis-&vis the geomet-
rical shape of the object. In modal coordinates, the
matrix

y=Cz.

Cn=CXx"!
contains the mode shape coefficients.

(7)

Embedment of Modal Parameters in the Power
Spectrum

From the sensor output time-series data, one can
compute the spectral density, or power spectrum,
henceforth denoted as X, (w). The spectra den-
gty, which is an R x R matrix, contains al of the
second-order satistical information embedded in the
system. It can readily be shown, analytically, that
the spectral dengity is equal to

- e =t

Xyy(W) = Gyr ()87 sGyp(w) )
in which ‘" denotes the conjugate transpose and
(9)

is the transfer function from the excitation forces
(strictly speaking, the second term on the right-hand
side of Eq. 3) to the sensor outputs, and X, is the
force covariance matrix. It follows that if X, (w)

G'yf(w) = Cp(iw—Ap)7 L



is completely known, A,, (i.e, the egenfrequen-
cies) and C,, (i.e, the mode shape coefficients)
can, in principle, both be ascertained via anaytic
continuation. Estimating A,, and C,, represent
the objectives of the signal processing tasks. There
are a number of well-established algorithmic meth-
ods, based on modern spectral estimation techniques
(eg., [1]), for extracting modal parameter estimates
numerically from empirically-measured accelerome-
ter data. We will not review these techniques here,
since our focus is not on measuring them but rather
on how they can be used for purposes of diagnostic
assessment.

Extension to White Nonstationary and Non-White
Stationary Excitation

It was noted above that vibration monitoring in a
natural excitation context is tantamount mathemati-
caly to blind deconvolution, which requires certain
statistical assumptions about the input excitation. In
many actual operating environments, the forces can
be regarded, to a high degree of realism, as being
stochastically white. In these cases, the expression
for the spectral density in Eq. 8 is rigorously valid.
Moreover, the modal parameter estimates derived
from measured spectra density are independent of
the force covariance.

The case of white, nonstationary excitation means
that Eqg. 8 till applies, except that the force co-
variance matrix, Xy, is time-varying. Because the
modal parameter estimates, (A, Cy,), areindepen-
dent of the covariance, however, it follows that these
estimates remain constant (in the absence of any un-
derlying structural change) despite the time variation
of the excitation covariance.

If the excitation forces are non-white, or colored,
the only difference is that Eq. 8 must be modified
dlightly. One must replace the force-output transfer
function G, (w) with the composite expression

Gy (w) = G'yf(w)é'fl,(w). (10)

The excitation is modded as a causa filtering of
white noise and is represented by the transfer func-
tion G, (w). The objective is to isolate the struc-
tural transfer function, G s (w).

The set of poles of the combined transfer func-
tion, Gy, (w), which determines ¢ (w), is a com-
posite of the structural poles, of G, ¢(w), and those
of the coloration filter, G4, (w). Spectra separa-
tion of the two sets of poles is possible if G, (w)
and G #v(w) are very different in their morphologi-
cal features. Structural transfer functions generaly
have a number of narrow resonance peaks. If the
coloration filter does not possess sharp resonance
peaks (this is true, for example, in aircraft turbu-
lence and gust models [4]) for example, the com-
bined transfer function will still possess sharp peaks
a the structural pole locations. Essentially al that
will be altered are the relative peak amplitudes.

In the present context, natural excitation and
blind deconvolution therefore require only mild as-
sumptions about the statistical behavior of the exci-
tation forces.

Linkage Between Modal- and Mass-Element Co-
ordinates

With knowledge of the moda parameters, A,,, and
C,., we next want to know how to extract diagnos-
tic information about the mechanical system. More
specifically, we wish to deduce the A matrix in
Egs. 3 and 4, which would amount to a complete
solution of the diagnostics problem, since A con-
tains full information about the mass, stiffness, and
damping properties of the system.

Diagnosing a mechanical system requires that
the state dynamics matrix in mass-element coordi-
nates, A be identified, which implies that the A ma-
trix in EQ. 5 must beidentified. Onelink from modal
coordinates, in which all of the signal processing
analysis has been done, to mass-dement coordinates,
is furnished by Eq. 7. The sensor configuration ma-
trix, C, which is in the mass-element coordinate
frame, can be deduced based on knowledge of the
sensor placements vis-&vis the geometrical shape of
the abject and the mechanical modd, viz,

C,A=C. (11)
A second equation akin to Eq. 11 is the following:

Cr A\ =C, AN 1A\



=CA
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in which C, is the truncated sensor configuration
matrix, consisting of thefirst v columnsof C. The
final step in Eqg. 12 is based on the fact that only
the first IV columns of C' contain nonzero values.
In mass-dement coordinates, this condition can be
stipulated without loss of generality, since the first
N columns correspond to displacement degrees of
freedom in the mechanical system, whereas columns
N +1to 2N correspond to velocities.
Egs. 11 and 12 can be combined into a single
matrix equation, viz.,
) . (13

(%)=

This yields 2N systems of linear equations for the
columns of A. Assuming that the stacked matrix on
the left-hand side of Eq. 13 is full-rank (which will
be the case if the sensors are mutually independent
and non-collocated), this implies 2R equations in
2N unknowns for each column of A.

One corollary of Eq. 13 is that A can be deter-
mined uniquely if and only if R = N, i.e, if one
sensor is available for every single mass element in
the mechanical structure. Alternatively interpreted,
the stacked matrix on the left-hand side in that case
is an invertible square matrix, whence one can read-
ily solve for A. Having determined A, the state dy-
namics matrix can then be estimated as

C;
0R><N

0R><N
C,

o~

A = \tA )\

A. (14
In conclusion, it is possible, inthe case of R = N,
to deduce A.

Linear Subspace Partitioning of A

In practicadl SHM applications, the assumption of
R = N is, of course, unredlistic. The number of
available sensorsis almost always less than the num-
ber of degrees of freedom in the mechanical system.

Henceforth, we focus on the case of R < N, in
which case only partial mode shape information is
available. Eg. 13 becomes an under-determined sys-
tem, which indicates that A cannot be determined
uniquely. However, partial information about A is
still available. It is noted that even in the extreme
case of just asingle sensor (R = 1), asmall amount
of mode shape information exists soldy by virtue of
knowledge of where the sensor is located.
For R < N, any A matrix satisfying Eq. 13 is
of the form
A=AL+A B (15)

in which A, isa2N x 2N matrix whose column
eilgenspace, which is of dimension 2R, is known as
the row space of the system (which encompasses
both the mechanical system model and the sensor
array configuration). A can readily be computed

explicitly, viz,
+
M:( ) ( ) (16)

in which ‘+’ denotes the Moore-Penrose pseudoin-
verse. A isa2N x 2(N — R) matrix whose col-
umn egenspace, known as the null space of the
system, is the orthogonal complement of the row
gpace. The null space is of dimension 2(N — R).
Pairs of rows in the resulting A, and A matrices
are complex-conjugates of one another. 3 is areal-
valued 2(IN — R) x 2N matrix all of whose el ements
are indeterminate.

Cnm
CnAp

C,
0R><N

0R><N
C;

Nonlinear Constraints on 3

The fina conclusion from above is that the set of
potentia state dynamics matrices, A, and transfor-
mation matrices, A, from mass-eement to modal co-
ordinates can be represented by means of a4 N (N —
R)-dimensional space of real-valued 3 matrices. For
any particular 3 matrix in this space, A can be com-
puted via Eq. 15, and A can be then be computed
as

A(B) = [AB) ' AnA(B). (17)

However, not dl A matrices obtained in this man-
ner are cons stent with the known form of the actual



state dynamics matrix, A, in Eq. 4. The most obvi-
ous requirement is that the upper half of A consist
only of zeros and ones in the fashion indicated in
Eqg. 4. As aresult, the subset of admissible 3 ma
trices is a nonlinear manifold embedded in a real
space of dimension 4N(N — R). The nonlinearity
is due to the matrix inverse in Eq. 17.

Diagnostic Tracking of Observed Structural
Change

If the system is monitored over a long period of
time, small changes in A,, and C,, may be ob-
served due to underlying changes in the structural
condition (which is embodied mathematically in the
mass, giffness, and damping matricesin Eq. 1). Itis
noted that some changes (e.g., a diminution in stiff-
ness) may be health-related, whereas other types of
structural change (e.g., a change in mass due to fuel
expenditure) are not. For this and other reasons, the
ability to diagnose observed changes in the modal
parameter s&t, (A,,,C,,), is of mgjor practical in-
terest.

In the diagnostic tracking approach developed by
the authors, small observed changes in (A,,,C),)
are accompanied by small, continuous changesin 3
and in the resulting estimate of the A matrix, per
Eg. 17. It is possible to update 3, in a manner
consistent with the aforementioned nonlinear con-
straints, in such a way that the changein A is min-
imized (with respect to some matrix norm). The re-
sulting B path then provides the most parsimonious
explanation for the observed changes in A, and
C,,. In other words, it answers the question: What
is the least amount of changein A that is cond stent
with the observed modal parameter shifts?

Example of Diagnostic Tracking

As an application example, the updating method is
applied to a simple mechanical modd depicted in
Fig. 1. In this system, N = 3, R = 1, and the
undamaged condition is given by

100 2 -1 0
m=|010]| k=[-1 2 -1
00 1 0 -1 2
(18)

Change in stiffness
element

Figure 1. Simulation of Damage in a Smplified
Mechanical System Model

0.2 -0.1 0
b=| -01 02 -0.1
0 -01 0.2

m, k, and b are respectively the mass, stiffness, and
damping matrices. To smulate damage, the stiffness
edement ko3 and its mirror image, k3o, are reduced
from —1 to —0.99. The final condition is therefore

100 2 -1 0
m=|[010]| k=[ -1 2 —0.99
00 1 0 —0.99 2
(19)

02 —-01 0

b=| -01 02 —0.1

0 —01 0.2

Thisdiminution of stiffness results in changesin the
observed A, and C,,, matrices. If the path from
the initia to fina (A,,,C),) is discretized into 100
steps and the updating agorithm isimplemented, the
resulting estimates of m, b, and k (normalized with
respect to the first mass) are

1.0000 0 0
m = 0 1.0014 0
0 0 1.0010
1.9998 —1.0005 —0.0002

k=| —1.0005 20026 —0.9914 | (20)
~0.0002 —0.9914  2.0025
0.1999 —0.1004 —0.0001
b=| —0.1004 0.2004 —0.0998
~0.0001 —0.0998  0.2002

which arein reasonably good agreement with Eq. 19.
kos and k3o are the dement pair that exhibits the



largest relative jump. Hence, the technique not only
succeedsin detecting structural change, but aso pro-
vides information about the location, nature, and
severity of the fault. It indicates that it is due to a
change in stiffness, as opposed to mass or damping,
that it involves the 2-3 mass pair, and that the mag-
nitude of stiffness reduction is approximately 0.86%.

Once such adiagnostic inference has been made,
a more precise characterization of the change can
be obtained by introducing additional constraints on
3. For example, if it is surmised or known that
the structura change involves only the stiffness, the
lower right-hand quadrant of the estimated statetran-
sition matrix, Zl, can be held fixed by reducing the
space of admissble 3 paths. The resulting final
estimate of the stiffness matrix is then

1.9998 —0.9999  0.0002
E=| —09999 1.9997 —0.9901 (21)
0.0002 —-0.9901  2.0005

which is more accurate (estimated stiffness reduction
is 0.99%).

Conclusions

We have investigated advanced signal processing
methodologies that pertain directly to SHM of air-
craft and other mechanical structures. The methods
are based on natural, rather than artificial, excita-
tion and are insensitive to the excitation noise char-
acteristics, which is important in making the tech-
niques practical for in situ, round-the-clock mon-
itoring. Subspace-based modal parameter estima-
tion algorithms have been applied successfully in
the SHM context, and we have shown that they
hold promise for detecting incipient damage. We
have devised and presented preliminary results for a
new theoretical approach that makes it possible to
diagnose observed modal parameter shifts in terms
of mass, giffness, and damping elements in under-
lying mechanical models of structures. Subsequent
work is planned to demonstrate the techniques using
real-world sensor data collected on structures at the
NASA Langley Research Center.
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