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Abstract
A method of controlling flight-path angle via

neuro-adaptive backstepping is presented. Back-
stepping is used to circumvent the matching con-
dition, which can restrict feedback linearizing meth-
ods. Additionally, an on-line multilayer neural net-
work is used to provide robustness to aerodynamic
uncertainties in the plant model. The network also
simplifies the backstepping design because it obvi-
ates the need to construct a regressor, and does not
require an a-priori basis. Numerical simulation re-
sults show the viability of this approach.

Introduction
Various forms of nonlinear control have emerged

as enabling technologies for control of advanced
flight vehicles.1—3 Offering both increases in per-
formance as well as reduced development times by
dealing with the complete dynamics of the vehicle
rather than point designs, nonlinear control tools
provide a great deal of design flexibility. Feedback
linearization, in its various forms, is perhaps the
most commonly employed nonlinear control method
in this arena. However, the majority of the litera-
ture on feedback linearizing controllers treats some
combination of the aircraft’s angular rates (p, q, r),
aerodynamic angles (α,β), or Euler angles (φ, θ,ψ)
as the command variables. Using time-scale separa-
tion arguments, the plant dynamics are partitioned
into slow states and fast states, with the fast states
used as virtual controls for the slow.4 Another re-
striction on feedback linearization is the matching
condition, which requires that all parametric plant
uncertainties appear in the same equation of a state-
space representation as the control.5,6 This is of
significance in flight control where the plant aerody-
namics always contain some degree of uncertainty.
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A nonlinear control method that offers relief from
these issues is backstepping: a Lyapunov based
method applicable to systems in various cascaded
forms. Backstepping makes use of a recursive proce-
dure that breaks down the control problem for the
full system into a sequence of designs for lower order
systems.6,7 Unmatched terms are then dealt with at
each stage of the recursive process. Although tradi-
tional backstepping can be applied only to plants
with unmatched nonlinearities, adaptive backstep-
ping deals with unmatched parametric uncertainties.
Backstepping also relaxes time-scale separation re-
quirements by including transients in the virtual
controls explicitly in the control formulation. Other
strengths of backstepping lie in both providing the
designer with control Lyapunov functions as the de-
sign progresses, as well as in allowing the designer
to discriminate between which nonlinearities cancel,
and which plant dynamics to exploit.7 This is an ad-
vantage over feedback linearization which attempts
to cancel all plant nonlinearities indiscriminately.

A comprehensive study of the early work in back-
stepping and adaptive backstepping is given by
Krstic et al.5 Extensions of adaptive backstepping
to use neural networks (NNs) using indirect-adaptive
formulations are given by Polycarpou.8,9 Lee and
Tomizuka construct a similar method that uses fuzzy
logic,10 and other extensions of adaptive backstep-
ping using NNs include.11,12

One criticism of some approaches to adaptive
backstepping is that the number of terms involved
in computing the control balloon with each back-
ward step because terms that must be computed via
differentiation are introduced with each step. To al-
leviate this burden, Kwan and Lewis lump some of
the known, but difficult to determine, terms with
the uncertainties and rely on a two-layer NN that is
linear -in-the-network-parameters while being non-
linear -in-the-system-parameters to compensate for
them.13,14 This greatly simplifies the analysis re-
quired to construct a backstepping controller, and
does not require that the uncertainties be linearly
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parameterizable as does traditional adaptive back-
stepping. Furthermore, this method circumvents
the need to compute regressors and especially their
derivatives, thereby greatly simplifying the control
computation for each back-step. Sharma and Calise
extend this work to use a class of nonlinear-in-the-
parameters neural network.15,16 An advantage of
the nonlinear network is that it does not require the
designer to provide basis functions a priori; although
the designer still needs to provide inputs to the NN
that parameterize the uncertainties. In addition, a
single nonlinear network with as many outputs as
needed can be used in place of individual linear net-
works, making the nonlinear network easily scalable
in application.
Backstepping is particularly attractive for flight

control where aerodynamic parameters are often
in error, and various control variables contain un-
matched uncertainties. There have, however, been
only limited applications of backstepping concepts
to flight control. Furthermore, the majority of the
literature deals with the control of aerodynamic an-
gles (α,β) and/or Euler angles (φ, θ,ψ), which are
only one integrator removed from the body angular
rates.17—20 Reference 20 is the only work known that
also addresses backstepping control of flight-path an-
gle (γ), but it does so without adaptation.
This paper extends that in Ref 21 by utilizing the

adaptive backstepping theory developed in Ref 15,16
to provide robustness to parametric uncertainties.
This also provides an extension to Ref 19, which
presents a neuro-adaptive backstepping approach for
flight control of (α,β,φ) but does not address the
unmatched uncertainties in lift and sideforce (i.e.
uncertainties in α and β dynamics).
This paper is organized as follows. The flight-path

angle dynamics are first presented. For simplicity,
only the pitch-plane motion of the aircraft is consid-
ered. Next, the dynamics are cast into a strict feed-
back form for backstepping. There are two options:
one of which uses the pitch Euler angle as a virtual
control, and the other uses angle of attack. The for-
mer was originally developed in Ref 21. Both options
are considered here, and are shown to be equivalent
for flight in the pitch-plane. Subsequently, a general
procedure for adaptive backstepping is summarized,
and is followed by an overview of the multilayered
neural used in this work. Finally, numerical results
are presented from a nonlinear 3-DOF simulation of
a UAV.

System Definition
Backstepping takes advantage of the idea that cer-

tain states of a system can be used as virtual controls

to stabilize a portion of the overall system. However,
one of the restrictions of the backstepping approach
is that the system must be in a “cascade” form such
as strict and pure feedback forms.5 Begin, with the
definition of flight path angle of an aircraft

γ = sin−1
Ã
ḣ

Vt

!
, (1)

where ḣ is the rate of change in altitude, and Vt is
the aircraft’s airspeed. The time rate-of-change of γ
is given by

γ̇ =
1

mVt
[−D sinβ sinµ− Y sinµ cosβ + L cosµ

+FT (cosµ sinα+ sinµ sinβ cosα)−mg cosγ]
(2)

where L, D, and Y are lift, drag and side-force; α,
β, and µ are angle-of-attack, angle-of-sideslip, and
stability-axis roll angle; and m and g are the air-
craft’s mass and gravity respectively.22

For simplicity, the aircraft motion is restricted to
the pitch-plane, i.e. Y = β = µ = 0, which reduces
(1-2) to

γ = θ − α

γ̇ = θ̇ − α̇. (3)

The pitch-plane α and θ dynamics are given by22,23

α̇ =
1

mVT
[−FT sinα− L+mg cosγ] + q (4)

θ̇ = q. (5)

The thrust term, Ft sinα, in (4) may be neglected as
it is generally much smaller than lift. Furthermore,
let the lift term be expressed as a sum of two terms

L = Lo + Lαα, (6)

where Lα = Lα (α,M, h, Vt) represents the lift curve
slope, and Lo = Lo (α,M, h, Vt, q) represents all of
the other contributions to lift, such as Mach num-
ber, pitch rate, etc. The lift contribution of control
surfaces is intentionally neglected, as is commonly
done, since it is generally much smaller than the mo-
ment contribution. Furthermore, its inclusion would
prevent the transforming the γ dynamics into strict-
feedback form. Although the Lα term is a linear
approximation of the lift contribution of α, there is
no loss of generality since Lα represents a locally lin-
ear approximation of the lift curve slope. Thus, the
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simplified aircraft dynamics become

γ̇ = − g

VT
cosγ + L0o + L

0
αα (7a)

α̇ =
g

VT
cos γ − L0o − L0αα+ q (7b)

θ̇ = q (7c)

q̇ = Mo +Mδδ (7d)

where L0o =
Lo
mVT

, L0α =
Lα
mVT

, and δ represents con-
trol surface deflections, Mδ represents the control
pitching moment, and Mo =Mo (α,M, h, Vt, q) rep-
resents moment contributions from all other sources
such as α, Mach number, etc. Mo is often approxi-
mated by Mo =Mαα+Mqq.

Strict-Feedback Form
Inspection of the dynamics in (7) reveals that the

dynamics of the triple (γ,α, q) is in strict feedback
form. In addition, the dynamics for (γ, θ, q) can also
be expressed in strict-feedback form with α in (7a)
expressed in terms of γ and θ as defined in (3).

γ̇ = − g

VT
cos γ − L0αγ + L0o + L0αθ

Since these two methods are equivalent, they are
both studied in this paper; the latter was first de-
veloped in Ref 21.

Option I: α as an Intermediate Control Variable

First consider the use of α as the intermediate
state to control γ. For notational simplification, let

x1 , 1

L0α
γ (8a)

x2 , α (8b)

x3 , q (8c)

u , δ, (8d)

and

ẋ1 = f1 (x1) + x2 (9a)

ẋ2 = f2 (x1, x2) + x3 (9b)

ẋ3 = f3 (x2, x3) + g3 (x2)u, (9c)

where

f1 (x1) =
Lo
Lα
− mg
Lα

cos (L0αx1) (10a)

f2 (x1, x2) = −L0o +
g

VT
cos (L0αx1)− L0αx2 (10b)

f3 (x2, x3) = Mαx2 +Mqx3 (10c)

g3 (x2) = Mδ. (10d)

The aerodynamic parameters of an aircraft are
rarely, if ever, known exactly but approximations to
them are certainly available. Then, let f̂i and ĝ rep-
resent approximations of fi and g respectively, and

define δ
0
i = f̂i − fi. With appropriate substitutions

this yields

ẋ1 = f̂1 (x1)− δ01 (x1) + x2 (11a)

ẋ2 = f̂2 (x1, x2)− δ02 (x1, x2) + x3 (11b)

ẋ3 = f̂3 (x2, x3)− δ01 (x2, x3, u) + ĝ3 (x2)u.(11c)

Equation (11) is in now in a form to which back-
stepping may be applied. The details of this are
presented in next section

Option II: θ as an Intermediate Control
Variable

Now consider the use of θ as an intermediate state
to control γ. Returning to the γ dynamics, the rel-
evant equations in (7) can be written as

γ̇ = − g

VT
cosγ + L0o + L

0
α (θ − γ) (12a)

θ̇ = q (12b)

q̇ = Mαα+Mqq +Mδδ (12c)

As before, redefine the states as

x1 , 1

L0α
γ (13a)

x2 , θ (13b)

x3 , q (13c)

u , δ. (13d)

Then,

ẋ1 = f1 (x1) + x2 (14a)

ẋ2 = f2 + x3 (14b)

ẋ3 = f3 (x1,x2, x3) + g3 (x1,x2)u, (14c)

where

f1 (x1) = Lo
Lα
− mg

Lα
cos (L0αx1)− L0αx1(15a)

f2 = 0 (15b)

f3 (x1,x2, x3) = −MαL
0
αx1 +Mαx2 +Mqx3(15c)

g3 (x1,x2) = Mδ. (15d)

Again, including terms representing parametric un-
certainty yields

ẋ1 = f̂1 (x1)− δ01 (x1) + x2 (16a)

ẋ2 = x3 (16b)

ẋ3 = f̂3 (x1,x2, x3)− δ01 (x1,x2, x3, u)
+ĝ3 (x1,x2)u. (16c)

As in the previous section, (16) is in strict-feedback
form.
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Backstepping
With the plant dynamics cast into the proper

form, this section presents the neuro-adaptive back-
stepping method in general terms so that it can be
applied to either set of dynamics in the previous sec-
tion. Begin by define the following error states

ζ1 , x1 − x1c (17a)

ζ2 , x2 − x̄2 (17b)

ζ3 , x3 − x̄3 (17c)

where x̄2 and x̄3 are virtual commands to be con-
structed that will ensure that the command x1c is
tracked.

Step 1: Differentiating ζ1 yields

ζ̇1 = f̂1 (x1)− δ01 (x1)− ẋ1c + ζ2 + x̄2, (18)

where x̄2 is now viewed as a virtual control for the ζ1
dynamics. For consistency of notation, let δ01 ≡ δ1.
Then, to stabilize (18), let

x̄2 = −f̂1 (x1)− k1ζ1 + ẋ1c + νc1 , (19)

where νc1 is an adaptive control term to be specified
later. Then substituting (19) into (18) yields

ζ̇1 = −k1ζ1 + ζ2 + νc1 − δ1 (x1) . (20)

Under ideal conditions, νc1 = δ1 and x2 → x̄2, so the
error ζ2 → 0, and the ζ1 dynamics become asymp-
totically stable.

Step 2: Differentiating ζ2 yields

ζ̇2 = f̂2 (x1,x2)− δ2 (x1,x2, ζ1) + ζ3 + x̄3, (21)

where δ2 (x1,x2, ζ1) , δ02 (x1,x2) +
·
x̄2. Let

x̄3 = −f̂2 (x1,x2)− ζ1 − k2ζ2 + νc2 (22)

so that

ζ̇2 = −ζ1 − k2ζ2 + ζ3 + νc2 − δ2 (x1, x2,ζ1) . (23)

The purpose of introducing ζ1 in (23) is to com-
pensate for the coupling between the ζ1 and ζ2
dynamics. The sign of the ζ1 in (22) is intention-
ally chosen as negative to set up a skew-symmetric
matrix representing the complete error dynamics.
This skew-symmetric structure is a key feature of
backstepping controllers, and results in the cancella-
tion of the coupling terms during Lyapunov stability
analysis.5

Step 3: This last step is very similar to the previ-
ous ones except that rather than the virtual control,
the actual control signal is constructed. Differenti-
ating ζ3 yields

ζ̇3 = f̂3 (x1,x2, x3)− δ3 (x1,x2, x3, ζ1, ζ2, u)

+ ĝ3 (x1, x2)u, (24)

where δ3 (x1,x2, x3, ζ1, ζ2, u) , δ03 (x1,x2, x3, u)+
·
x̄3.

Let

u = ĝ−13 (x1, x2)
h
−f̂3 (x2, x3)− ζ2 − k3ζ3 + νc3

i
(25)

so that

ζ̇3 = −ζ2 − k3ζ3 + νc3 − δ3 (x2, x3, ζ1, ζ2, u) . (26)

Although the term ĝ must be chosen such that it is
never zero, this condition is easily enforced since it is
not a time-varying term, but one chosen by the de-
signer a-priori. In most aircraft control applications,
the control power remains non-zero and retains its
sign in all but extreme cases.

Equations (20,23,26) can be now expressed in
state space form

ż = Āz + νc −∆, (27)

where

z , [ζ1, ζ2, ζ3]
T

Ā =

 −k1 1 0
−1 −k2 1
0 −1 −k3

 (28)

∆ = [δ1, δ2, δ3]
T (29)

νc , [νc1 , νc2 , νc3 ]
T
. (30)

The gains k1,2,3 > 0 to ensure stability, but they also
need to be tuned per application to obtain reason-
able performance. If the corrective signal νc cancels
∆, then the error dynamics in (27) is stable. The
complete control policy is

x̄2 = −f̂1 (x1)− k1ζ1 + ẋ1c + νc1 (31a)

x̄3 = −f̂2 (x1, x2)− ζ1 − k2ζ2 + νc2 (31b)

u = ĝ−13 (x1, x2)
h
−f̂3 (x1, x2, x3)− ζ2

−k3ζ3 + νc3 ] . (31c)
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Fig. 1 Multilayered Neural Network

Neural Network
Although, any appropriate adaptive element can

be used to generate the corrective signal νc, a mul-
tilayer neural network (MNN) as shown in Fig. 1
is used herein. These types of network have been
shown to be universal approximators,24 and do not
require the designer to provide a basis (although the
designer must still provided inputs to the NN that
parameterize the uncertainty). The input-output
map of this sigmoidal MNN is given by

y = ω̂Tσ
³
V̂ Tx

´
, (32)

where V̂ contains the input-to-hidden layer weights,
ω̂ the hidden-to-output layer weights, x is the net-
work inputs, and σ (·) is the activation function

σ (s) =
1

1+ e−αs
. (33)

Using the approximation property of the MNN, it
is assumed that each unknown function, δi, in (29)
is continuous on a compact set Di containing the
origin. Thus, it can be approximated by the MNN
as

δi (x1,··· , xi) = ω∗Ti σ
¡
V ∗Tx

¢
+ εi, (34)

where the ω∗i and V ∗ are ideal network weights, and
the εi are corresponding functional reconstruction
errors. The actual values of the ideal weights are
not needed in implementation. The output weights
ω∗i can be stacked into a matrix

W ∗ ,
£
ω∗T1 ,ω

∗T
2 ,ω

∗T
3

¤
, (35)

so that they can be viewed as the weights of the
same, but larger, NN. Then a single MNN with 3
outputs can be used, with ω̂i corresponding to the
columns of the larger weight matrix, Ŵ .

Ŵ ,
h
ω̂T1 , ω̂

T
2 , ω̂

T
3

i
(36)

The adaptive control term νc, consists of two com-
ponents: νad is the output of the MNN, and νr is a
robustifying term. With the following substitutions,

νc , νad + νr (37)

νad = cWTσ
³bV Tx´ (38)

νr , [νr1 , νr2 , νr3 ]
T , (39)

where νri is to be determined later, (27) can be
rewritten as

ż = Āz +cWT σ̂−W ∗Tσ∗ + νr − ε, (40)

where

σ̂ , σ
³bV Tx´ (41)

σ∗ , σ
¡
V ∗Tx

¢
(42)

ε , [ε1, ε2, ε3]
T . (43)

Then from a Taylor-series expansion on the W ∗Tσ∗

term, (40) can be rewritten as

ż = Āz −
nfWT

h
σ̂ − σ̂0 bV Txi

+cWT σ̂0eV Tx− νr +$+ ε
o

(44)

where

$ ,W ∗TO2
³eV Tx´+fWT σ̂

0
V ∗Tx. (45)

Theorem 1 If the following assumptions hold,

1. All command signals are bounded, x1c ∈ Cn.

2. The matrix Ā in (44) is Hurwitz, i.e. ki > 0,
1 ≤ i ≤ n.

3. The control coefficient ĝ3 in (31) has the prop-
erties: sgn (ĝ3) = sgn (ĝ) and |ĝ3| ≥ 1

2 |g|

4. The neural network input is chosen as x =h
zT x1c ẋ1c νad

°°°Ẑ°°° 1
i
.

5. The bound on the ideal weights is known,
kZ∗kF ≤ Z̄.
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and if the following neural network weight update
rule is used

·bV = −
h
x̄zTcWT σ̂0 + µ kzk bV iΓV (46a)

·cW = −
h³
σ̂ − σ̂0 bV Tx´ zT + µ kzkcWiΓW (46b)

where

ΓV > 0, ΓW > 0, µ > 0 (47)

νr = −
h
ao + a1

³°°°Ẑ°°°+ Z̄´i z (48)

with ao, a1 > 0, then all signals in the system com-
prised of (44) and (46) remain bounded.

Proof. Please see Refs 3,16, 25. Note: Condition
3 arises from a requirement that the map νc3 7→ δ3
be a contraction.26

Numerical Results
As a demonstration of the control methods devel-

oped in the previous sections, they were applied to a
nonlinear 3-DOF model of a flying-wing UAV. This
type of airframe is particularly challenging as it is
statically unstable at low angles of attack and pos-
sesses a restricted set of control effectors that provide
less yaw authority than the traditional set. Further-
more aerodynamic coefficients from a single flight
condition were used in the control design, and the
neural network is used to compensate for errors that
arise as the aircraft departs from this condition. All
neural network weights are initialized at zero.
Figures 2 - 11 summarize the results from a sim-

ulation started at 5,000 ft. and 500 ft/sec. The
goal of this simulation was to follow steps in γ while
maintaining airspeed. A simple linear controller (PI)
was used to control airspeed for the purpose of this
experiment. The figures show both algorithms de-
veloped provide good command tracking and that
there is little difference between them. In addition,
the MNN adapts to parametric errors in the plant
dynamics. It is interesting to note in Figs 10 and 11
that the MNN outputs of two approaches are slightly
different despite having identical MNN parameters
and learning rates.

Conclusions
A neuro-adaptive backstepping method for the

control of flight-path angle has been developed.
Numerical results validate the viability of this ap-
proach. Although the results presented herein do
not differentiate between the two approaches, it is
expected that the α option will be superior when
considering out-of-plane motion. The reason for this

is that the relationship γ = θ − α no longer holds
when the aircraft is banked. Thus in the general
case, an explicit θ term cannot be isolated in the γ̇
equation. However, the γ̇ equation still contains a
lift term which depends strongly on α. Therefore,
it is expected that α will be the intermediate vari-
able of choice for application to the complete 6-DOF
aircraft model.
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Fig. 6 Comparison of Pitch Rate
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Fig. 8 Coparison of Mid-Board Flap Deflection
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Fig. 10 Neural-Network Ouput - α as Interme-
diate Variable
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diate Variable
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